Abstract-In this paper, the spatial modulation (SM) technique is employed at the source and relay nodes in a full-duplex two-way relay channel (FD-TWRC) to support spectral-efficient bi-directional communications while guaranteeing a low cost implementation. Maximum likelihood detectors are employed at each node that is subject to an intrinsic self-loop interference. We first propose a tight upper bound on the average bit error probability (ABEP). Then, based on the ABEP upper bound, an asymptotic ABEP expression is derived in the high signal-to-noise ratio (SNR) regime. Exploiting the asymptotic ABEP, an exact SNR threshold for the selection between FD-TWRC-SM and halfduplex (HD)-TWRC-SM is derived in a closed form, which sheds light on when it is beneficial to select the FD (or HD) mode. In addition, the power allocation (PA) among sources and relay is investigated, through which an optimal PA factor in terms of ABEP is obtained. All analytical results derived in this paper are verified by Monte Carlo simulations, from which some new insights are obtained on the performance of FD-TWRC-SM.
a significant amount of power is consumed for transmitting signal [1] , especially when multiple transmit antenna elements work simultaneously due to the same number of transmit radio frequency (RF) chains. Driven by this, the spatial modulation (SM) technique has been proposed to reduce the cost of the multi-antenna systems [2] [3] [4] [5] [6] . The performance of SM systems with multiple antennas has been evaluated through analytical analysis [7] [8] [9] [10] [11] [12] and measurement [13] [14] [15] [16] .
The SM technique has been applied to various relay systems [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] . A relay system employing SM, which utilizes the relay-selection information to achieve a higher throughput is proposed in [17] . In [18] , the performance of the dual-hop space shift keying (SSK) system is evaluated. A dual-hop SM system is proposed and analyzed in [19] . A two-hop space-time shift keying (STSK) relay system is introduced and its performance is analyzed in [20] . In [21] , the authors analyzed the distributed SSK in relay-aided uplink cellular networks. Furthermore, the authors in [22] analyzed the performance of SSK relay systems with multiple cooperative relays considering both amplify-and-forward (AF) and decode-and-forward (DF) protocols. A bit error probability analysis of SSK in DF relay channels with best relay selection is conducted in [23] . In [24] , the authors proposed a distributed SM system for multi-relay networks whose diversity was analyzed analytically. In addition, the authors in [25] proposed a differential SM for dual-hop AF relaying system. A framework to analyze the average bit error probability (ABEP) of the SM system with a single-antenna AF node was proposed in [26] . The authors in [27] proposed an SM based cooperative diversity protocol where the network nodes act as relays to help forward the source data, while transmitting their own data.
However, all these existing work above considered only half-duplex (HD) relays, which have to transmit and receive signals in orthogonal channels. Driven by the inherent spectrum inefficiency suffered by HD relay systems, there has been an increasing interest in full-duplex (FD) relays that are capable of transmitting and receiving signals in the same frequency band simultaneously, e.g., [28] and the references therein. Although a substantially higher spectrum efficiency can be promised by the FD relay system, the self-loop interference (SI) that leaks between the transmit and receive antennas of the FD relay node needs to be carefully addressed [29] . Inspired by the benefits of FD transmissions, some recent work has investigated FD-SM transmission in none cooperative relay systems, e.g., [30] [31] [32] .
The impact of SI on the two-way relay channel (TWRC) with a FD relay, which is a spectral-efficient transmission protocol for wireless networks, has been investigated in [33] [34] [35] [36] [37] [38] . It is shown that when SI is weak enough, the TWRC with the FD relay achieves a higher spectral efficiency than the TWRC with the HD relay. On the other hand, the performance of the HD-TWRC with SM has been investigated in [39] [40] [41] . Motivated by the promising performance of the TWRC and FD relaying, in this paper we consider a FD TWRC with SM performed at each node to support the bi-directional communications between two end users, which is referred to as FD-TWRC-SM as illustrated in Fig. 1 . The main contributions of this paper are summarized as follows:
1) A FD-TWRC-SM system is proposed and investigated to enhance the system spectral efficiency. To the best of our knowledge, this is the first attempt to apply SM techniques to the TWRC with FD relaying in the literature. 2) Taking into account the impact of the residual SI, an analytical pairwise error probability (PEP) and a tight upper bound on the ABEP of the FD-TWRC-SM are respectively obtained in closed forms. On this basis, we find that the diversity order of FD-TWRC-SM significantly depends on the quality of the SI cancellation. 3) Comparisons between HD-TWRC-SM and FD-TWRC-SM schemes are conducted to provide insights into the selection between FD and HD modes. Under a given strength of SI cancellation, an exact signal-to-noise ratio (SNR) threshold, below which the FD-TWRC-SM outperforms the HD-TWRC-SM in terms of the ABEP, is analytically derived. 4) A power allocation (PA) scheme is applied that allocates different transmit powers to all nodes subject to a sum power constraint. The optimal PA factor that leads to the best ABEP is derived in a closed form.
5) All analytical results are verified through numerical
results and employed to analyze the system performance of FD-TWRC-SM under various conditions. Some useful insights are obtained regarding the performance of FD-TWRC-SM. The remainder of this paper is organized as follows. In Section II, the system model of FD-TWRC-SM is introduced. In Section III, an analytical union upper bound on the ABEP is obtained. Then in Section IV, the proposed ABEP upper bound is employed to evaluate the system performance of FD-TWRC-SM. Simulation results are provided in Section V to demonstrate the effectiveness of the proposed FD-TWRC-SM. Finally, Section VI concludes this paper.
II. SYSTEM MODEL OF FD-TWRC-SM
We consider a FD-TWRC-SM with DF relaying protocol at the relay node that is similar to the TWRC with the FD relaying in [38] . As shown in Fig. 1 , the system consists of two source nodes denoted by S i , i = 1, 2, and one FD relay node denoted by R, where S 1 and S 2 want to exchange information with the help of R. There is no direct link between the two sources due to a very large distance between them [42] . All S 1 , S 2 , and R transmit signals using the SM scheme. In an SM transmission, S 1 and S 2 are respectively equipped with N 1 and N 2 transmit antennas and only a single transmit antenna in the transmit antenna array of each node is activated. The index of the activated transmit antenna is employed to carry a block of bits to increase the overall spectral efficiency. On the other hand, N R,1 , N R,2 , and N R,r receive antennas are respectively equipped at S 1 , S 2 , and R to perform the maximum likelihood (ML) detection. A detailed design of SM transceivers can be found in [2] .
Without loss of generality, we consider a wireless fading channel that remains static within a period of a time block of symbols but changes independently from one time block to another [34] , [43] [44] [45] [46] [47] . h ir [k, n i ] denotes the channel amplitudes from the n i th transmit antenna of S i to all receive antennas at R in the kth time block and h ri [k, n r ] denotes the channel amplitudes from the n r th transmit antenna of R to all receive antennas at S i in the kth time block. Both source nodes and the relay node are full duplex and suffered from SI. All channel amplitudes follow independent and identically distributed (i.i.d.) Rayleigh distributions. The transmit SNRs at the source and the relay node are denoted by ρ i and ρ r , respectively. The SI cancellation can be performed using passive or active cancellation techniques [48] [49] [50] . Although the SI can be effectively mitigated by existing methods, perfect SI cancellation cannot be guaranteed in practical implementations. Thus, a remaining residual SI at the receive antenna of the FD node always exists. After SI cancellation, h ii [k, n i ] denotes the SI channel amplitudes at S i from its n i th transmit antenna to all receive antennas, and h rr [k, n r ] denotes the SI channel amplitudes at R. h ii and h rr follow i.i.d. Rayleigh distributions and the interference to noise ratio (INR) at S i and R are respectively denoted as ρ ii and ρ rr .
In the state of the art works, the characterization of the residual SI has been modelled either as a random variable that has a constant signal to interference ratio (SIR), i.e., ρ ii = β i ρ i and ρ rr = β r ρ r [51] or a random variable that is scaled with the transmit SNR by a factor 0 ≤ μ ≤ 1 where
and ρ rr = ρ 1−μ r , respectively [34] , [42] , [43] , [52] [53] [54] [55] . In general, these two models are equivalent for analytical derivation by letting μ = 1 − log ρ i β i ρ i and μ = 1 − log ρ r β r ρ r . However, the model with μ can provide important insights on the fundamental properties of FD-TWRC-SM systems, e.g., diversity orders and SNR gaps. Although there are some previous work that focus on the FD SM system, they either model the remaining residual SI as a complex Gaussian variable with a variance [31] , [32] or assume that the SI can be cancelled completely [30] . In the absence of any research on the modeling of the residual SI in the SM context, in this paper, we generally use ρ ii = ρ 1−μ i and ρ rr = ρ 1−μ r , respectively. The constant SIR model will also be briefly discussed in Section V.
In general, the transmission of each block of information I i (m i , n i ) is carried out in two time blocks. In the first time block, both S i s transmit I i = (m i , n i ) to R, and R detects the information asÎ i (m i ,n i ). In the second time block, R transmitsÎ i = (m i ,n i ) to both S i s, and S i s detect the information asǏ i (m i ,ň i ). From the visual angle of I i transmitted at the kth time block, interference in both time blocks are shown in Fig. 2 . In the kth time block, S i s transmit the m i th M i -quadrature-amplitude modulation (QAM) symbol through the n i th transmit antenna simultaneously to R using the SM transmission scheme. The relay R, with one-block processing delay, broadcasts the received information blocks in the previous time block k −1, which is denoted as (m r ,n r ), to the sources simultaneously, thus causing a SI. (1), shown at the bottom of this page. In this paper, we consider SM schemes with QAM signal constellations at each node. The signal constellation of the phase-shift-keying (PSK) SM can be readily obtained following the same steps of the QAM SM and is thus omitted here. Without loss of generality, we assume that S i has N i transmit antennas and an M i -QAM signal constellation diagram, R has N r transmit antennas and an M r -QAM signal constellation diagram. Benefited from the SM scheme, even though a large scale antenna array is equipped at the relay node, we need only one transmit RF chain and therefore the power consumption and the receive complexity of the system is acceptable. For tractable analysis, we restrict that M r = M 1 M 2 and N r = N 1 N 2 , and assume that the signals transmitted by both sources in the first hop are Gray coded. In the k + 1th time block, at the relay node, the information from both source nodes are estimated, i.e.,n 1 ,n 2 ,m 1 , andm 2 . Then the relay node activates then r =n 1 + (n 2 − 1)N 1 th antenna to transmit the signal x r [m r ] = x r [m 1 + (m 2 − 1)M 1 ] that corresponds to them 1 th row and them 2 th column of the M r -QAM signal constellation diagram. That is, the estimated symbolsm 1 and m 2 are interpreted as the Quadrature and In-phase components respectively, which are then used to locate the transmitted symbol by the relay. Simultaneously, the sources transmit (m i , n i ) to the relay R and cause a SI. Thus, the received signal at S i in the subsequent time block k + 1 is given as (2) , shown at the top of next page, where
Without loss of generality, we assume that σ 2 i = σ 2 r = σ 2 .
Received from S 2
The optimal detector based on the ML principle is deployed at each node. We assume that the exact instantaneous channel state information (CSI) and perfect time synchronization are available at the receiver side, as in [2] , [7] , and [8] . According to (1), we have (3), as shown at the top of this page, and the principle of the ML receiver is to find out (n 1 ,n 2 ,m 1 ,m 2 ) to maximize the likelihood function, i.e., (4) , as shown at the top of this page. Following the approaches in [8, Sec. III-A] and [7, Sec. II-C], the ML detector at R is represented as (5) , shown at the top of this page, where · 2 is the 2-norm of a vector.
Assuming that the sources are equipped with buffers, each source is aware of its own transmitted message in the previous time block. Specifically, since (n 2 , m 2 ) was transmitted by S 2 and stored in the buffer at S 2 , a simple self-interference cancellation can be performed by S 2 to eliminate the uncertainty of (n 2 , m 2 ). Then the set of candidate (ň r ,m r ) can be narrowed
. Thus, the detection process at S 2 is given by (6) , as shown at the top of this page. A similar detection process is applied to S 1 .
Note that the original symbols denote the actual message that is transmitted. Symbols with· denote the messages estimated by the detector at R, whereas symbols with· denote the messages estimated by the detector at the sources. These notations are also applied to the antenna indices n i and signal indices m i .
III. ABEP UPPER BOUND
In this section, we analyze the error performance of the TWRC-SM analytically. For arbitrary MIMO systems, the analysis of the exact ABEP is almost intractable due to the complex multidimensional integrals. Instead, the union upper bound technique is widely used to calculate the ABEP upper bound based on PEP [7, eq. (3) ], [8, eq. (5)]. If the analytical PEP can be obtained, an upper bound on the ABEP of the information transmission from S 1 to S 2 via R is given by (7) , as shown at the top of this page, where I i (m i , n i ) denotes the transmitted message from S i . P E P m 1 , n 1 ;m 1 ,ň 1 |m 2 , n 2 denotes the probability of choosing the wrong symbolǏ 1 assuming that there are only two symbols (I 1 andǏ 1 ) possibly being transmitted. D H ň 1 ,m 1 , n 1 , m 1 denotes the Hamming distance betweeň I 1 and I 1 .
Moreover, the pairwise error I 1 →Ǐ 1 may occur under any possibleÎ i that is detected by R. Therefore, according to the total probability theorem, we have (8) , as shown at the top of this page, where
is defined as the probability of choosing the wrong symbol ň 1 ,m 1 assuming that there are only two symbols (I 1 andǏ 1 ) possibly being transmitted under the condition that (m 1 ,n 1 ,m 2 ,n 2 ) is decided at R. Therefore, a union upper bound on the ABEP of TWRC-SM is computed by (9) , as shown at the top of this page.
As discussed in [56] and the references therein, in TWRC systems, the ABEP is dominated by the hop having a worse performance. Based on this idea, we give a framework for analyzing and evaluating the performance of TWRC-SM systems and propose an upper bound on the ABEP by dividing the summations in (9) into three cases and compute them separately.
AB E P ≤ AB E PÎ
AB E PÎ
,n 1 = n 1 ,n 2 = n 2
The new upper bound on the ABEP of the information transmission from S 1 to S 2 is summarized in Proposition 1. Note that the ABEP upper bound of the information transmission from S 2 to S 1 can be similarly obtained.
Proposition 1: The ABEP of TWRC-SM is upper bounded as (10), as shown at the top of this page, where AB E PÎ
, and AB E PÎ
are respectively defined as (11) - (13) , as shown at the top of this page. In Eqs. (11)- (13) Proof: See Appendix A. Proposition 1 provides a framework to derive the analytical upper bound on the ABEP of TWRC-SM systems by giving P E P 1r and P E P r2 in closed forms. For the FD-TWRC-SM systems, P E P FD,1r and P E P FD,r2 are derived in Lemma 1 and Lemma 2, respectively. For the HD-TWRC-SM systems, P E P HD,1r and P E P HD,r2 are derived in Lemma 3.
Lemma 1: The PEP of the first hop transmission from S 1 and S 2 to R in an FD-TWRC-SM system is computed as follows:
where υ is computed by (15) , as shown at the top of this
and C k n denotes the binomial coefficient indexed by n and k.
Proof: See Appendix B.
Lemma 2: The PEP of the second hop transmission from R to S 2 in an FD-TWRC-SM system is computed as follows:
where ξ is defined as (17) , shown at the bottom of the next page. Proof: Since the residual SI and the noise are both complex Gaussian distributed with variances of ρ 1−μ 2 and 1, respectively, the transmission from R to S 2 is equivalent to the SM transmission with an average SNR of ρ e,r2 =
. Similar to the derivations in Appendix B,
, where d r2 is defined as (18) , shown at the bottom of the next page, and
2 du is the tail probability of the standard normal distribution. 1 Following the steps of (55)- (58), we obtain (16) .
Lemma 3: For HD-TWRC-SM systems, P E P HD,1r and P E P HD,r2 are respectively derived as
where υ HD and ξ HD are respectively given in Eqs. (21) and (22) , as shown at the bottom of this page. Proof: Since there is no SI in the HD-TWRC-SM, by substituting x r [m r ] = 0 and x 2 [m 2 ] = 0 into (15) and (17) respectively, we obtain (19) and (20) by simple algebraic manipulations based on (14) and (16) .
IV. PERFORMANCE ANALYSIS
In this section, we analyze the system performance of the TWRC-SM systems over i.i.d. Rayleigh fading channels. Especially, we will first obtain asymptotically tight performance bounds that provide insights on the fundamental properties of FD-TWRC-SM systems. And then we will develop an optimal FD and HD switching scheme in TWRC-SM systems. To this, a corresponding decision threshold will be given as the root of a polynomial equation.
A. Asymptotic ABEP and Diversity Order
We first derive an asymptotic ABEP of the FD-TWRC-SM transmission from S 1 to S 2 in the following Proposition 2.
Proposition 2: Assuming ρ r = ρ i = ρ, an asymptotic ABEP of FD-TWRC-SM is computed by (23) , as shown at the top of next page, where G 1 and G 2 are respectively computed by Eqs. (24) and (25) with (26) and (27) , as shown at the top of next page, N R = min{N R,r , N R,2 },
Proof: See Appendix C.
Remark 1: It is observed in (23) that the ABEP increases dramatically with the decreasing SI cancellation factor μ.
From (23) , we find that the ABEP is a weighted summation of ρ −N R,r +q(1−μ) , ρ −N R +q(1−μ) , and ρ −N R,2 +q(1−μ) respectively when N R,r < N R,2 , N R,r = N R,2 , and N R,r > N R,2 . In the high SNR regime, the worst term dominates the slope of the ABEP, which is defined as the diversity order [7, Proposition 4] . Thus, when N R,r < N R,2 , the diversity order is min
Similarly, when N R,r = N R,2 and N R,r > N R,2 , we have diversity orders μN R and μN R,r , respectively. Therefore, the diversity order of the FD-TWRC-SM system is min{μN R,r , μN R,2 }. We take N R,r = 1 and N R,2 = 2 as an example, from the first line of (23), we obtain AB E P FD, Corollary 5] 
and thus the diversity order is μ.

However, if we use lim
ρ→+∞ G N R q=0 K (q)ρ −N R +q(1−μ) = G K (q)ρ −N R μ [7,
B. Optimal Selection Between HD and FD Modes
In this subsection, we give comparisons of FD-TWRC-SM with its HD counterpart. To this, we first give an asymptotic ABEP of HD-TWRC-SM, which is derived based on P E P HD,1r and P E P HD,r2 . Following the same steps as in Appendix C, using (10) and Lemma 3, we obtain an asymptotic ABEP of HD-TWRC-SM in Lemma 4.
Lemma 4: Assuming an equal average SNR at the nodes, i.e., ρ r
,n r = n r
,n r = n r (22) 1,m 2 ,1;m 1 ,1,m 2 ,1) N R,r + N 1 log 2 N 1 2 1,m 2 ,1;m 1 ,1|m 2 ,1 )
computed as (30) , shown at the top of this page, where G 1 and G 2 are defined in (24) and (25) can be obtained by Newton-Raphson method [61] .
where
Proof: Letting AB E P FD,A = AB E P HD,A , we have (35) , as shown at the top of the next page. Letting z = ρ 1−μ , (35) can be rewritten as (32) . Then ρ, which is the root of (35), can be obtained by (31) .
C. Power Allocation
In subsections IV-A and IV-B, we assumed an equal average SNR at the nodes. The PA may be applied to achieve a better ABEP performance, where S i and R employ different sets of powers ρ i σ 2 and ρ r σ 2 , accordingly. In this subsection, we aim to propose an optimal PA under a total transmit power constraint ρ All σ 2 (10)- (17) and following the steps of proving
Proposition 2, we have the following asymptotic ABEP of FD-TWRC-SM with unequal average SNRs at the nodes. Lemma 5: When 2ρ i + ρ r = ρ All , the asymptotic ABEP of FD-TWRC-SM systems is computed by AB E P FD,PA ≤ AB E P 1r,FD,PA + AB E P r2,FD,PA , (36) AB E P 1r,FD,PA and AB E P r2,FD,PA are respectively computed by (37) and (38) , as shown at the top of this page, where
G 1 , G 2 , K 1 , and K 2 are computed by (24) , (25) , (28) , and (29) , respectively. It is observed that the power allocation does not affect the diversity order of the system, which is expressed by Eqs. (37) and (38) , whereas the power allocation affects the coding gain. By using Lemma 5, an optimal PA factor is computed by Proposition 4.
Proposition 4: The optimal PA factor is computed as follows.
When N R,r = N R,2 ,
where [61] .
When N R,r < N R,2 , the optimal F is the positive real root of Eq. (45) , which can be represented in a closed form when N R,2 ≤ 4. If N R,2 > 4, the positive real root of Eq. (45) can be obtained by Newton-Raphson method [61] .
Proof: See Appendix D.
V. NUMERICAL RESULTS
A. Verification
The aim of this subsection is to substantiate the analytical results obtained in this paper through numerical results. Three case studies are considered: i) ABEP upper bounds over i.i.d. Rayleigh channels. ii) SNR threshold for the selection between HD and FD under the same spectrum efficiency. iii) Optimal PA factor under a given total ρ All . In Fig. 4 , for 3bpcu FD-TWRC-SM and HD-TWRC-SM systems the analytical upper bounds on the ABEP, Monte Carlo simulation results for 10 6 channel realizations, and the asymptotic ABEPs are plotted where N 1 = N 2 = 4 for both FD and HD systems and the average SNR is ρ i = ρ r = ρ. In FD-TWRC-SM, we use M 1 = M 2 = 2, whereas in HD-TWRC-SM we use M 1 = M 2 = 16. The analytical upper bounds on the ABEPs of FD-TWRC-SM are computed by (10) using (14) and (16) , whereas the analytical upper bounds on the ABEPs of HD-TWRC-SM are computed by (10) using (19) and (20) . The asymptotic ABEPs of FD-TWRC-SM are computed by (23) , whereas the asymptotic ABEPs of HD-TWRC-SM are computed by (30) . It is observed in Fig. 4 that as the SNR increases, the difference between the analytical upper bound on the ABEP and the exact ABEP becomes negligible.
1) Verification of ABEP Upper Bounds and SNR Threshold for HD/FD Selection:
Moreover, the analytical SNR threshold given in (31) is also plotted using dashed lines. It is observed that the proposed SNR threshold for the selection between FD/HD agrees well with the point of intersection between the asymptotic ABEPs of FD and HD systems. Then this SNR threshold (31) can be utilized to decide whether FD transmission or HD transmission should be adopted to enhance the performance of TWRC-SM systems.
In section II, we showed an alternative constant SIR model [51] . The ABEP of FD-TWRC-SM systems under a constant SIR model is plotted in Fig. 5 . It is observed that under the constant SIR model, there exists an ABEP floor that decreases with an increasing SIR β as consistent with the result in [51] .
2) Verification of Optimal Power Allocation: The optimal PA factors computed by Proposition 4 and ABEP upper bounds of both FD and HD systems computed by (10)- (17) are given in Fig. 6 , with 4bpcu data rate, N 1 = N 2 = 4 and M 1 = M 2 = 4. It is observed that the optimal PA factors F can minimize the ABEP of FD-TWRC-SM systems. It is observed that the best ABEP can be achieved at F ≈ 0dB when N R,2 = N R,r . However, the best ABEP is achieved at F < 0dB or F > 0dB depending on the relationship between N R,2 and N R,r . 
B. System Performance Under Various System Parameters
First, we compare the ABEPs of FD-TWRC-SM systems under different μ in Fig. 7 with N R,i = N R,r = 4. In FD-TWRC-SM systems, we use N i = 4 and M i = 2, whereas N i = 4 and M i = 16 are used in HD-TWRC-SM systems. We find that a good SI cancellation is a prerequisite to employ FD transmissions in the TWRC-SM system and the diversity order is μ min{N R,i , N R,r }. When μ < 0.4, the ABEP is higher than 10 −5 even at a 40dB SNR, which is unacceptable in a realistic system, then the HD system will be a better choice than the FD system. Then, we analyze the performance of FD-TWRC-SM for various system parameters. Especially, we investigate diversity properties of FD-TWRC-SM systems for various numbers of receive antennas. Also, we evaluate the ABEPs of FD-TWRC-SM systems and then compare them for different numbers of receive antennas at a given data rate constraint. Furthermore, we analyze the impact of an increasing number of transmit antennas on the ABEP at a given signal constellation diagram. Firstly, we investigate the impact of the number of receive antennas on the ABEP at a 3bpcu data rate in Fig. 8 with
It is observed that the ABEP decreases by increasing N R,r and/or N R,i . However, the system performance can not be improved significantly by solely increasing N R,r or N R,i . To improve the diversity performance of FD-TWRC-SM systems, we need to increase both N R,r and N R,i simultaneously.
In 5G cellular networks, energy efficient massive MIMO will be employed, where hundreds of antennas are utilized for transmitting gigabit-level wireless traffic [57] . When N i > 16, the number of transmit antennas at R is greater than 256, and the proposed FD-TWRC-SM system can be seen as a two-way FD massive MIMO. Since SM system is a promising candidate in low-complexity massive MIMO implementations [58] , we investigate the impact of the increasing transmit antennas and evaluate the potential performance gains of FD-TWRC-SM systems. With a data rate constraint, the ABEPs against SNR are plotted in Fig. 9 . We have the following observations. 1) At a fixed data rate, the ABEP of FD-TWRC-SM systems decreases by increasing N i . As a specific configuration of the FD-TWRC-SM system, the FD-TWRC-single input multiple output (SIMO) system, where N i = 1, performs as the worst one under a given data rate.
2) The ABEP of FD-TWRC-SM systems with BPSK signal constellation diagram is nearly the same as FD-TWRC-SSK systems at the same data rate. Similar phenomenon can be found in single link SM transmissions [7, Figs. 9 and 10] . Considering both ABEP and the size of the transmit antenna array, BPSK can be seen as the optimal choice of signal constellation. With M i = 2, the ABEPs against SNR are plotted in Fig. 10 with N R,r = N R,i = 4. It is observed that with a given signal constellation diagram, the SNR loss, which is caused by increasing N i , is quite small. According to (28) , (29), (24) , and (25), we can see that the number of transmit antennas N i is irrelevant to K 1 and K 2 at a fixed M i , whereas it impacts G 1 and G 2 simultaneously. Therefore, using N i = 2 as a benchmark, the ABEP losses caused by increasing the transmit antennas of the first and the second hops are respectively computed by
and 
AB E P
. Since the diversity orders of both hops in FD-TWRC-SM systems are respectively μN R,r and μN R,i , in the high SNR regime, we obtain approximate SNR losses of both hops caused by adding transmit antennas as ρ 1r =
, 2 which are plotted in Fig. 11 . We obtain the following observations. 1) For BPSK signal constellation and N R = 4, the SNR loss is less than 4 dB in general when the data rate is increased by 3bpcu. When N R = 2, the SNR loss is less than 10 dB. Thus, in a massive MIMO system with a less number of receive antennas in comparison with the number of transmit antennas [58] , a log 2 N 1 multiplexing gain can be achieved at the cost of only a slightly higher transmit power. 2) It is found that ρ 1r > ρ r2 and therefore adding more transmit antennas impacts the first hop more significantly than the second hop in terms of the ABEP. Therefore, when N R,r > N R,i , the SNR loss will be smaller than other cases. 3) The SNR loss increases with increasing μ. Therefore, when we use FD-TWRC-SM scheme in TWRC massive MIMO, a better SI cancellation will achieve a lower SNR loss.
C. Optimal Selection Between HD and FD Modes
The SNR thresholds against μ are illustrated in Fig. 12 . In the 3bpcu TWRC-SM systems, we use 1) It is observed that with a greater μ, the FD node is subject to a lower residual SI. Since the SNR threshold becomes higher, it is more beneficial to select FD transmissions in both low and modest SNR regimes.
In particular, when μ > 0.8, the SNR threshold is greater than 60 dB, so that FD is always a better choice when ρ ≤ 60 dB. symbols is very small and the performance of HD systems is deteriorated significantly. Specifically, when N i = 16 and M FD,i = 2, the signal constellation diagram at R of the HD systems is 4096-QAM. In this case, as long as μ > 0.55, the threshold in 5bpcu is always greater than 40 dB. Thus, we can say that for a massive MIMO system, the FD-TWRC-SM almost always works better than its HD counterpart.
3) With a less number of receive antennas, it is more beneficial to select the FD transmissions due to a higher SNR threshold. Similar phenomenon can be observed in Fig. 4 .
D. Optimal Power Allocation
The optimal PA factors against μ are illustrated in Fig. 13 . In the 3bpcu TWRC-SM systems, we use N 1 = N 2 = 4 and M 1 = M 2 = 2. In the 4bpcu TWRC-SM systems, we use N 1 = N 2 = 4 and M 1 = M 2 = 4. Then, we have the following observations. 1) When N R,r > N R,i , F becomes large and greater than 5dB in general. The diversity order of the first hop is higher than that of the second hop, so that the ABEP of the second hop is the bottleneck of the overall ABEP. Therefore, we need to allocate more power to the second hop to obtain an optimal performance. Conversely, when N R,r < N R,i , we need to allocate more power to the first hop.
2) The optimal PA factor F increases with the data rate.
The gap becomes more significant when N R,r < N R,i . 3) When N R,r = N R,i , the optimal PA factor F is independent of SNR. However, in other two cases, the total SNR should be taken into account carefully. For instance, the gap between Fs under 40dB and 50dB ρ ALL s is about 3dB when N R,r = N R,i . 4) As μ increases, F behaves differently under different conditions. When N R,r = N R,i , F seems to be almost independent of μ. When N R,r > N R,i , F increases with an increasing μ. When N R,r < N R,i , F decreases with an increasing μ. 
E. Comparison With Single Optimal Antenna Selection
As another category of MIMO systems with a single transmit RF chain, the optimal antenna selection (OAS) system has been widely investigated and introduced into TWRC transmission [56] , [59] . In this section, we compare the performance of the proposed FD-TWRC-SM system with that of the FD-TWRC-OAS system. In the FD-TWRC-OAS system, optimal transmit antennas in term of the received signal strength of the intended signal are selected to transmit QAM signals in the first hop and the max-min antenna selection algorithm proposed in [56, Algorithm 1] is employed in the second hop. For sake of fair comparisons, the transmission rule of FD-TWRC-OAS is identical with that of the proposed FD-TWRC-SM system. In [56] , S i s transmit their respective signals to R in two time blocks successively, whereas in the considered FD-TWRC-OAS system in this subsection, both S i s transmit signals to R simultaneously in a single time block, as consistent with Fig. 2 .
The ABEP comparison of the proposed FD-TWRC-SM system with the FD-TWRC-OAS system are plotted in Fig. 14 where N R,i = N R,r = 4. Since it is intractable to analytically derive the ABEP of the FD-TWRC-OAS system due to the complex distribution of the channel amplitude after transmit antenna selection and the superposition of two independent signals from both sources, we plot the ABEP of the FD-TWRC-OAS system by using Monte Carlo simulations. Under 3bpcu configuration, we use M i = 2, N i = 4 for the FD-TWRC-SM system, and M i = 8, N i = 4 for the FD-TWRC-OAS system. Whereas under 4bpcu configuration, we use M i = 4, N i = 4 for the FD-TWRC-SM system, and M i = 16, N i = 4 for the FD-TWRC-OAS system. In the OAS system, both the transmitter and the receiver need to know the CSI, but in the SM system, the CSI is only required by the receiver. It is found in Fig. 14 that the FD-TWRC-OAS system has a higher diversity order than the FD-TWRC-SM system. Nevertheless, under typical configurations, the FD-TWRC-SM performs better than the FD-TWRC-OAS system because the information that is mapped onto the spatial constellation can efficiently reduce the size of the signal constellation.
VI. CONCLUSIONS In this paper, we have proposed a FD-TWRC-SM with the optimal ML detector employed at each node. Firstly, a tight ABEP upper bound of the referred system has been derived in the closed form expression under i.i.d. Rayleigh fading channels. From the analytical ABEP analysis, we have found that the diversity order of the FD-TWRC-SM system is determined by the quality of SI cancellation. Then, we have conducted an extensive simulation campaign to evaluate the system performance. We have found that the proposed FD-TWRC-SM system is a promising candidate in lowcomplexity TWRC massive MIMO implementations because of its low SNR loss caused by multiplexing gain that is provided by adding transmit antennas. In addition, both HD-TWRC-SM and FD-TWRC-SM systems have been compared in terms of the ABEP. The exact SNR threshold, below which a better performance can be achieved by FD-TWRC-SM over HD-TWRC-SM, is analytically derived in a closed form. It has been observed that the FD-TWRC-SM with a reasonably good SI cancellation works better than its HD counterpart. Moreover, we have investigated the power allocation among sources and relay by deriving the optimal PA factor in a closed form. We have found that when N R,r > N R,i , more power needs to be allocated to the second hop to achieve an optimal performance. Whereas when N R,r < N R,i , more power needs to be allocated to the first hop. Finally, the SM system has been compared with the OAS system in FD-TWRC scheme. We have found that under typical configurations, the FD-TWRC-SM outperforms the FD-TWRC-OAS because the information that is mapped onto spatial constellation can efficiently reduce the size of the signal constellation.
However, since there is no any research on the modeling of the residual SI in the SM context, we will investigate the practical SI cancellation schemes in our future works. Some other SM systems will be incorporated into the FD-TWRC scheme, e.g., coded SM and generalised SM schemes. We will also investigate other types of arbitrary configurations with N r = N 1 N 2 , and M 2 = M 1 M 2 . Moreover, we will investigate on derivation of a closed form ABEP of the FD-TWRC-OAS system. APPENDIX A. Proof of Proposition 1 Firstly, with i.i.d. channels, the ABEP is irrelevant to the specific antennas that are chosen to transmit signals at S i .
Without loss of generality, letting n 1 = n 2 = 1, (9) can be rewritten as (46) , shown at the bottom of this page. In the high SNR regime, the ABEP of the transmission is determined by the hop having a worse performance [56] . Therefore, two cases of error are considered, i.e., the errors that occur in the first and second hops. When the error occurs in the first hop, two cases have to be taken into account. First, I 2 is wrongly detected and therefore I 1 is not a candidate of the detection in the second hop. Second, I 2 is rightly detected while I 1 is a candidate of the detection in the second hop. Therefore, a detection error of I 1 might occur when i) I 2 is wrongly detected in the first hop; ii) I 2 is correctly detected but I 1 is wrongly detected in the first hop; or iii) both I 1 and I 2 are correctly detected in the first hop but I 1 is wrongly detected in the second hop. Then (46) 
for arbitrary I 1 andǏ 1 . Therefore the oringinal I 1 is not a candidate while detectingǏ 1 at S 2 in the second hop and it is highly probable thatǏ 1 = I 1 . In this case, the union upper bound principle does no hold and the exact ABEP whileÎ 2 = I 2 is very difficult to derive. In this work,Ǐ 1 is seen as a random choice in all candidate I 1 , and therefore as long asÎ 2 = I 2 , the conditional ABEP is set to 0.5, i.e., AB E PÎ 2 =I 2 = 0.5 × Pr(Î 2 = I 2 ). 3 Thus we can obtain (11). 2) Similarly, the detection errorÎ 1 = I 1 ,Î 2 = I 2 occurs in the first hop and AB E PÎ
is computed by (49) , as shown at the top of next page. In the high SNR regime, ifÎ 2 is correctly detected at R andÎ 1 is wrongly detected, then there exists a very high probability thať I 1 is miss-detected asÎ 1 , i.e.,
By substituting (50) into (49) and using some simple algebraic manipulations, we obtain (51) , as shown at the top of the next page. For any bit mapping, 
AB E PÎ 
upper bounded as (53) , as shown at the top of this page. Likewise, (13) can be obtained.
B. Proof of Lemma 1
The residual SI and the noise are both complex Gaussian distributed with variances of ρ . According to (5) and following the steps provided in [8, Sec. IV], P E P 1r between (m 1 , n 1 , m 2 , n 2 ) and (m 1 ,n 1 ,m 2 ,n 2 ) under given h 1r and h 2r is computed by
where d 1r is defined as (55) , where υ is defined in (15) . Following the steps of [60, eqs. (61) - (65)], we have P E P 1r,m r = Em r P E P 1r,h 1r ,h 2r = R (N R,r , υ), (58) based on which (14) can be obtained.
C. Proof of Proposition 2
Using R (N R , κ) .
Corollary 5] and some algebraic manipulations of (14) and (16), the asymptotic P E P 1r,A and P E P r2,A can be obtained as 
where K 1 (q), K 2 (q), υ 0 , and ξ 0 are defined in (28) , (29), (26) , and (27), respectively. We define a notation . = such that for a probability P, if lim ρ→+∞ log P log γρ −α = 1, then we have P . = γρ −α [42] .
Substituting (59) and (60) into (11)- (13), we obtain the asymptotic union upper bound of AB E PÎ 
and AB E PÎ
For any given μ, we have (63), as shown at the top of the next page. Thus, (23) is obtained and Proposition 2 is proved.
D. Proof of Proposition 4
To prove this proposition, we need to solve the equation
∂ AB E P FD,PA ∂ F = 0. However, the optimal PA factor is difficult to derived in a closed form based on (37) and (38) . In order to derive the optimal power allocation factor F, the following upper bound on L 1 (F) and L 2 (F) are employed.
In (64), the upper bound of L 1 ( f ) is given as the maximum sum quantity of the SNRs. Whereas in (65), if we also use the maximum sum quantity of the SNRs, we have L 2 (F) ≤ . In the following, the optimal PA factor is analyzed based on (65). Substituting Eqs. (64) and (65) respectively into Eqs. (37) and (38) , we obtain (66) and (67), as shown at the top of this page. Since our target is to minimize AB E P 1r,FD,PA + AB E P r2,FD,PA , we have (68), as shown at the top of this page, where A 1r and A r2 are computed by (42) and (43), respectively. Some simple algebraic manipulations lead to
and then we can obtain (41)- (45) by typical approaches for solving the polynomial equations.
